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Using a Tsallis nonextensive approach, we simultaneously analyze recent data obtained by the LHC ATLAS
experiment on distributions of transverse momenta of jets, pjetT , together with distributions of transverse
momenta of particles produced within these jets (deﬁned relative to the jet’s axis), prelT , and their
multiplicity distributions, P (N). The respective nonextensivity parameters for distributions of jets, qjet ,
for distributions of particles in jets, qrel and the global nonextensivity parameter obtained from P (N), qN ,
were then compared with nonextensivity parameters q obtained from minimum bias pp collisions at
energies corresponding to the energies of these jets. The values of the corresponding nonextensivity
parameters were found to be similar, strongly indicating the existence of a common mechanism behind
all these processes. We tentatively identify this as a self-similarity property known to be present there and
resulting in Tsallis type distributions. If conﬁrmed, this would considerably strengthen the nonextensive
Tsallis approach.
© 2013 Elsevier B.V. All rights reserved.1. Introduction
For some time now it is known that transverse momentum
spectra of different kinds measured in multiparticle production
processes, which change character from exponential at small val-
ues of pT to power-like at large pT , can be described by a simple
two-parameter formula,






This was ﬁrst proposed in [1] as the simplest formula extrapolating
the large pT power behavior expected from parton collisions to ex-
ponential behavior observed for pT → 0. At present it is known as
the QCD-based Hagedorn formula [2] and was used in many ﬁts to
recent data. However, in many branches of physics Eq. (1), with n
replaced by n = 1/(1− q), is more widely known as the Tsallis for-
mula [3]. In this case, q is known as a nonextensivity parameter.
In this form, Eq. (1) is usually supposed to represent a nonexten-
sive generalization of the Boltzmann–Gibbs exponential distribu-
tion, exp(−pT /T ), used in a statistical description of multiparticle
production processes, with q being a new parameter, in addition
to previous “temperature” T . Such an approach is known as nonex-
tensive statistics [3] in which the parameter q summarily describes
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http://dx.doi.org/10.1016/j.physletb.2013.10.007all features causing a departure from the usual Boltzmann–Gibbs
statistics (in particular it can be shown that it is directly related
to the possible intrinsic, nonstatistical ﬂuctuations of the tem-
perature T [4,6]). However, the Tsallis distribution also emerges
from a number of other more dynamical mechanisms, for example
see [5] for more details and references. In all possible scenarios
leading to Eq. (1), the “temperature”, or, in general, scale param-
eter T , is given by the mean value of the transverse momentum,
〈pT 〉 = 2nT /(n − 3), and we do not discuss here its possible de-
pendence on energy and the nonextensivity parameter. For large
values of transverse momenta, pT  nT , Eq. (1) becomes scale
free (independent of T ) distribution. The Tsallis distribution was
successfully used for a description of all kinds of multiparticle pro-
duction processes in a wide range of incident energy (from few
GeV up to few TeV) and in a broad range of transverse momenta
(see, for example, reviews [5,6]). In particular, it turned out that
it also successfully describes transverse momenta of charged par-
ticles measured by LHC experiments, the ﬂux of which changes by
over 15 orders of magnitude [7].1
The Tsallis distribution was recently used in an analysis of the
distribution of the longitudinal component of momenta of particles
1 In [8] these results were derived from QCD considerations. It turns out that,
although one gets a Tsallis-like formula, there is a pT dependent prefactor, the
presence of which affects the value of the q parameter. Also, in the low pT do-
main, Tsallis distribution with p2T seems to do better than the one with pT . Both
choices are possible, depending on the circumstances, cf. [9] for details. In our case
both would result in the same conclusions.
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view, is similar to what was found in e+e− collisions [11]. Recent
ATLAS data [12,13] allow us to extend such an analysis to trans-
verse characteristics of jets and charged particles within them. This
is because they provide both the distributions of transverse mo-
menta of jets produced at LHC energies, pjetT , and distributions of
transverse momenta of particles produced within these jets (de-
ﬁned relative to the jets), prelT . One can then retrieve and discuss
the respective nonextensivity parameters of jets, qjet , and particles
produced within them, qrel . In addition, because [12] at the same
time also provides multiplicity distributions within jets, P (N), it
is possible to confront both nonextensivities with that obtained
from an analysis of P (N), qN . This is the subject of the present
work.2
2. Transverse momentum distributions of jets and particles
within jets
In what follows we shall concentrate on ATLAS data [12]. They
were taken at energy 7 TeV and in rapidity window |y| < 1.9
measured jets observed in very narrow jet cones deﬁned by R =√
η2 + φ2 (where φ and η are, respectively, the azimuthal
angle and the pseudorapidity of the hadrons relative to that of the
jet, η = − ln tan θ , with θ being the polar angle), namely R = 0.6.























In addition, [12] also provides multiplicity distributions of particles
produced within observed jets, P (N).
It should be stressed that the pure power law distribution,
f (pT ) ∼ p−γT , is not experimentally observed for jets. The observed
slope parameter γ depends on pT , γ = γ (pT ). However, a Tsallis
distribution (1) emerges if one accounts for this dependence and
assumes it in the following two-parameter (n and T ) form,
γ (pT ) = n ln(nT + pT )
ln(pT )
+ (n − 1) ln(nT ) + ln(n − 1)
ln(pT )
. (5)
In this case, the transverse momentum distribution for jets can be
ﬁtted by a Tsallis formula (1) with n 	 7 and T = 0.45 GeV, cf.
Fig. 1.
Data on distributions of transverse momenta prelT of particles
produced within the jet are presented in two papers. In [12] are
data for pjetT  40 GeV and in [13] for p
jet
T > 40 GeV. All can be ﬁt-
ted by a Tsallis formula (1) and results are shown in Fig. 2 and
Table 1, for the ﬁrst set, and in Fig. 3 and Table 2, for the sec-
ond one. It must be stressed at this point that the uncertainty is
large in getting the precise values of parameters T and n from
ﬁts because both variables are correlated. One also has to re-
member that data from [13] presented in Fig. 3 differ from those
2 The other two LHC experiments, ALICE and CMS, do not provide such results for
the same experimental conditions and using the same criteria for data selection.Fig. 1. (Color online.) Distribution of pjetT for jets at
√
s = 7 TeV ﬁtted by Tsallis
distribution (1) with T = 0.45 GeV and n = 7 (which corresponds to q = 1.14). Data
are taken from [12].
Fig. 2. (Color online.) Distributions of prelT particles inside the jets with different
values of pjetT obtained in [12], ﬁtted using Tsallis distribution (1). To make distribu-
tions readable, the consecutive curves i = 0,1,2, . . . were multiplied by 10i . For all
curves T = 0.18 GeV. The corresponding values of the parameter n (and q = 1+1/n)
are listed in Table 1. Data are taken from [12].
Table 1
Fit parameters for Fig. 2; q = 1+ 1/n.
pjetT [GeV] T [GeV] n q
4–6 0.18 −8.5 0.88
6–10 0.18 −17 0.94
10–15 0.18 55 1.02
15–24 0.18 16 1.06
24–40 0.18 11.5 1.09
from [12] and presented in Fig. 2. Namely, they were collected for
|η| < 1.2 and ptrackT > 0.5 GeV (to be compared with |η| < 1.9 and
ptrackT > 0.3 GeV in the former case). This fact inﬂuences multi-
plicity in jets (which is smaller in the later case), which, in turn,
inﬂuences the value of the parameter T .
Notice the negative values of the parameter n (or, correspond-
ingly, q < 1 values of the nonextensivity parameter) for small val-
ues of the pjetT , i.e., for small values of the energy of such jets seen
in Fig. 2. This fact is connected with the limitation of the available
phase space in this case. Actually, maximal values for the ratios
prelT /p
jet
T for data in Fig. 2 are in the range 0.09–0.15 and in Fig. 3
in the range 0.006–0.09. The nonextensivity parameter drops be-
low unity for distributions with prel/pjet > 0.12.T T
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which all curves have T = 0.25 GeV. The corresponding values of the parameter n
(and q = 1+ 1/n) are given in Table 2. Data are taken from [13].
Table 2
Fit parameters for Fig. 3; q = 1+ 1/n.
pjetT [GeV] T [GeV] n q
25–40 0.25 70 1.014
40–60 0.25 25 1.040
60–80 0.25 18 1.056
80–110 0.25 15 1.067
110–160 0.25 12 1.083
160–210 0.25 10 1.100
210–260 0.25 9 1.111
260–310 0.25 9 1.111
310–400 0.25 9 1.111
400–500 0.25 7.5 1.133
3. Multiplicity distributions within jets
From our experience with applications of Tsallis statistics to
multiparticle production processes, we know [14] that multiplic-
ity distribution of particles energy spectra of which follow Tsallis
distribution has Negative Binomial form (NBD),3
P (N) = Γ (N + k)












〈N〉 = qN − 1. (7)
Whereas for NBD q > 1 and parameter k in (7) is positive, for the
q < 1 case k becomes negative (k → −κ ) and NBD becomes a bi-
nomial distribution (BD),
P (N) = Γ (κ + 1)










= 1− qN . (9)
For both the NBD and BD we expect the following to hold:
(N + 1)P (N + 1)
P (N)
= a + bN (10)
3 Cf., also [15] where similar results were obtained from apparently different
point of views. In fact there is a parameter equivalent to q and a resulting dis-
tribution can be written in Tsallis form.Fig. 4. (Color online.) (N+1)P (N+1)P (N) in function of multiplicity N in jets with different
values of pjetT as measured in [12] and presented in Fig. 2. No such information on
P (N) is available for jets analyzed in Fig. 3.
Table 3
P (N) characteristics for jets with different pjetT .
pjetT [GeV] 〈N〉 Var(N) qN − 1
4–6 4.41 2.31 −0.11
6–10 5.72 3.83 −0.058
10–15 7.11 6.61 −0.0098
15–24 7.56 11.2 0.063
24–40 7.80 18.1 0.097
with
a = 〈N〉k




a = 〈N〉, b = 0 for Poisson, (12)
a = 〈N〉κ




From data on multiplicity distributions, P (N), measured in
jets [12] (for pjetT  40 GeV only) one can check the behavior of
Eq. (10). As can be seen from in Fig. 4 this relation is linear, i.e.,
the corresponding P (N) are indeed of NBD or BD type (the devi-
ation from linearity occurs only for N = 1, for which one encoun-
ters experimental diﬃculties and which, in fact, can be omitted
from our analysis). From parameters a and b obtained this way
we can deduce, using Eqs. (11)–(13), values of 〈N〉, Var(N) and
k or κ (i.e., values of the corresponding nonextensivity parame-
ter qN ) which are presented in Table 3. Notice that their values
correspond closely to those obtained from the distributions of pT
in jets presented in Table 1.
4. Self-similarity property of the multiparticle production
processes
The values of nonextensivity parameters obtained from an anal-
ysis of multiplicity distributions and distributions of pT of jets
and in jets can now be compared with the respective nonexten-
sivity parameters obtained in measurements of pT distributions in
other experiments on minimum bias pp collisions in which the
range of pT and multiplicities were similar and energies of which
were similar to energies of the jets investigated. The corresponding
results for the dependence of the resulting nonextensive parame-
ters q as a function of the measured mean multiplicity 〈N〉 are
166 G. Wilk, Z. Włodarczyk / Physics Letters B 727 (2013) 163–167Fig. 5. (Color online.) Compilation of values of q as obtained from prelT distributions
(triangles) and from multiplicity distributions (circles). Triangles at small 〈N〉 are
obtained from data [12], those for larger 〈N〉 from [13]. Full squares and circles
are from data on multiparticle production in p + p collisions and, correspondingly,
squares (inelastic data) are from compilation for LAB energy 3.7–303 GeV presented
in [16], whereas circles (non-single diffractive data) are from compilation presented
in [17].
presented in Fig. 5. The approximate similarity of these results is
clearly visible.4
The results presented here can be summarized in the following
way: (i) A Tsallis distribution successfully describes inclusive pT
distributions in a wide range of transverse momenta for all ener-
gies measured so far [5–7]. (ii) This is also true for the distribution
of transverse momenta of jets as shown in Fig. 1. The nonexten-
sivity parameter in this case, q = 1.14, is comparable to q = 1.15
describing inclusive distributions of transverse momenta of parti-
cles at the same energy 7 TeV [7]. (iii) The Tsallis distribution also
describes transverse momenta distributions of particles in jets. The
values of q obtained in this case are roughly the same as those ob-
tained from an analyses of multiplicity distributions in these jets.
It should be noted that, as seen in Fig. 5, values of the nonexten-
sivity parameter q for particles in jets correspond rather closely to
values of q obtained from the inclusive distributions measured in
pp collisions (for the corresponding energies available for produc-
tion) in the similar ranges of transverse momenta.5
To conclude, one observes a kind of similarity (in what concerns
values of the corresponding nonextensivity parameters) of multi-
plicity distributions P (N) and transverse momentum distributions
f (pT ) of particles produced in minimum bias pp collisions and
particles in jets of comparable energies. This can be interpreted
as a demonstration that the mechanisms of particle production
in both cases are the same or, at least, are similar and contain
some common part [19]. This common part, in turn, can be iden-
tiﬁed with the self-similarity character of the production process
in both cases, resulting in a kind of cascade process, which al-
4 A word of comment in Fig. 5 is in order here. So far we were estimating the pa-
rameter q from distributions of pT or N and discussing its energy dependence, q(s),
as obtained from different experiments [5,18]. Here we would like to compare dis-
tributions of particles in p + p collisions to those in jets, for which, unfortunately,
we do not know the corresponding energy
√
s. On the other hand, we know 〈N〉
both for p + p collisions and for particles produced in jets, so it is reasonable in-
stead to show q as a function of 〈N〉.
5 Results discussed here could be regarded as related to the phenomenon of ge-
ometrical scaling for pT distributions discussed recently (cf. [24] and references
therein), apparently being a consequence of gluon saturation at some scale Q s . It
turns out that scaled distributions can be described by a Tsallis formula [25] with
the saturation scale being hidden in the parameter T (not q); in fact to get scaling
one has to allow for T being dependent on pT . One should, however, be aware of
the fact that in the energy domain discussed here scaling seems to be violated [26].ways results in a Tsallis distribution [20]. Actually, this is a very
old idea, introduced already by Hagedorn in [21]. He assumed that
the production of hadrons proceeds through formation of ﬁreballs
which are a statistical equilibrium of an undetermined number of all
kinds of ﬁreballs, each of which in turn is considered to be a ﬁreball. In
fact this was used as a justiﬁcation in the ﬁrst proposed general-
ization of the Hagedorn model, considered as a statistical model,
to q-statistics, cf., [22]. In the pure dynamical QCD approach to
hadronization, one encounters the same idea, as, for example, that
presented in [23]. In it partons fragment into ﬁnal state hadrons
through multiple sub-jet production. As a result one has a self-
similar behavior of cascade of jets to sub-jets to sub-sub-jets . . . to ﬁnal
state hadrons.
5. Summary
Using the Tsallis nonextensive approach, we have analyzed re-
cent data found by the LHC ATLAS experiment [12,13] on trans-
verse momentum distributions of jets, particles within jets and
their multiplicity distributions. The values of the respective nonex-
tensivity parameters obtained this way, when compared with the
corresponding values obtained from the inclusive distributions
measured in pp collisions for the corresponding energies available
for production and in similar ranges of transverse momenta, were
found to be similar. This can be considered as strong evidence
of the existence of some common mechanism behind all these
processes which we tentatively identify with a self-similarity prop-
erty and cascade type processes based on multiplicative noise [20].
They are known to lead to a Tsallis distribution (with n − 2 =
〈η〉/Var(η) given by ﬂuctuations of multiplicative noise η [20]) of
the same type as those describing statistical or thermodynamical
systems (with q − 1 = Var(T )/〈T 〉 given by ﬂuctuations of temper-
ature T [4,5]).6
It is worth reminding at this point that both Tsallis distribu-
tion and the Negative Binomial Distribution can be regarded as
a consequence of using a gamma distribution for clusters formed
before fragmentation. Whereas the former arises from the ﬂuctua-
tions of temperature in a Boltzmann–Gibbs distribution, the latter
arises from the ﬂuctuations of mean multiplicity in a Poissonian
distribution. The common feature is that in both cases ﬂuctuations
are given by a gamma distribution which is stable under the size
distribution, i.e., exhibits self-similarity and scaling behavior (actu-
ally, NBD is also a self-similar distribution [27]). This indicates once
more that self-similarity encountered in processes under consider-
ation is the physical ground of the observed similarities discusses
here. Results presented here could possibly open discussion about
the validity of thermal models [28].
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or to analyze all its subprocesses to really speak of self-similarity in multiparticle
production processes. We only have information on one such subprocess, i.e., on the
production in jets. We observe similarities between them and multiparticle produc-
tion in inelastic collisions in total. This observation is the basis of our claim that
we are dealing with a process which shows the same statistical properties at many
scales. This is our self-similarity.
G. Wilk, Z. Włodarczyk / Physics Letters B 727 (2013) 163–167 167References
[1] C. Michael, L. Vanryckeghem, J. Phys. G 3 (1977) L151;
C. Michael, Prog. Part. Nucl. Phys. 2 (1979) 1.
[2] G. Arnison, et al., UA1 Collaboration, Phys. Lett. B 118 (1982) 167;
R. Hagedorn, Riv. Nuovo Cimento 6 (1984) 1.
[3] C. Tsallis, J. Stat. Phys. 52 (1988) 479;
C. Tsallis, Eur. Phys. J. A 40 (2009) 257;
C. Tsallis, Introduction to Nonextensive Statistical Mechanics, Springer, 2009;
For an updated bibliography on this subject, see http://tsallis.cat.cbpf.br/biblio.
htm.
[4] G. Wilk, Z. Włodarczyk, Phys. Rev. Lett. 84 (2000) 2770.
[5] G. Wilk, Z. Włodarczyk, Eur. Phys. J. A 48 (2012) 161.
[6] G. Wilk, Z. Włodarczyk, Eur. Phys. J. A 40 (2009) 299;
G. Wilk, Z. Włodarczyk, Cent. Eur. J. Phys. 10 (2012) 568.
[7] C.-Y. Wong, G. Wilk, Acta Phys. Pol. B 43 (2012) 2047.
[8] C.-Y. Wong, G. Wilk, Phys. Rev. D 87 (2013) 114007.
[9] G. Wilk, Z. Włodarczyk, On possible origins of power-law distributions, in:
AIP Conf. Proc., vol. 1558, ISBN 978-0-7354-1184-5, 2013, in press, arXiv:
1307.7855.
[10] K. Ürmösy, G.G. Barnaföldi, T.S. Biró, Phys. Lett. B 718 (2012) 125.
[11] K. Ürmösy, G.G. Barnaföldi, T.S. Biró, Phys. Lett. B 701 (2012) 111.
[12] G. Aad, et al., ATLAS Collaboration, New J. Phys. 13 (2011) 053033;
G. Aad, et al., ATLAS Collaboration, Phys. Rev. D 84 (2011) 054001;
Data used here come from the Durham HepData Project: http://hepdata.cedar.
ac.uk/view/irn9136932.
[13] G. Aad, et al., ATLAS Collaboration, Eur. Phys. J. C 71 (2011) 1795;
Data used here come from the Durham HepData Project: http://hepdata.cedar.
ac.uk/view/ins929691.[14] G. Wilk, Z. Włodarczyk, Physica A 376 (2007) 279;
G. Wilk, Z. Włodarczyk, Phys. Rev. C 79 (2009) 054903.
[15] J. Dias de Deus, E.G. Ferreiro, C. Pajares, R. Ugoccioni, Eur. Phys. J. C 40 (2005)
229.
[16] A. Wróblewski, Acta Phys. Pol. B 4 (1973) 857.
[17] C. Geich-Gimbel, Int. J. Mod. Phys. A 4 (1989) 1527.
[18] G. Wilk, Z. Włodarczyk, Physica A 390 (2011) 3566.
[19] H. Satz, Int. J. Mod. Phys. E 21 (2012) 1230006.
[20] D. Sornette, R. Cont, J. Phys. I France 7 (1997) 431;
C. Anteneodo, C. Tsallis, J. Math. Phys. 44 (2003) 5914;
T.S. Biró, A. Jakovac, Phys. Rev. Lett. 94 (2005) 132302.
[21] R. Hagedorn, R. Ranft, Suppl. Nuovo Cim. 6 (1968) 169;
R. Hagedorn, Nucl. Phys. B 24 (1970) 93.
[22] C. Beck, Physica A 286 (2000) 164;
T.S. Biró, A. Peshier, Phys. Lett. B 632 (2006) 247;
A. Deppman, Physica A 391 (2012) 6380.
[23] J.D. Bjorken, Phys. Rev. D 45 (1992) 4077;
G. Gustafson, A. Nilsson, Nucl. Phys. B 355 (1991) 106;
W. Ochs, Acta Phys. Pol. B 22 (1991) 203.
[24] C. Andrés, A. Moscoso, C. Pajares, Nucl. Phys. A 901 (2013) 14.
[25] M. Rybczyn´ski, Z. Włodarczyk, G. Wilk, J. Phys. G 39 (2012) 095004;
M. Rybczyn´ski, Z. Włodarczyk, G. Wilk, Acta Phys. Pol. Proc. Supp. 6 (2013)
507.
[26] M. Praszałowicz, Phys. Rev. D 87 (2013) 071502(R).
[27] G. Calucci, D. Treleani, Phys. Rev. D 57 (1998) 602;
M.A. Braun, C. Pajares, Phys. Lett. B 444 (1998) 435.
[28] K.A. Bugaev, D.R. Oliinychenko, J. Cleymans, A.I. Ivanytskyi, I.N. Mishustin, E.G.
Nikonov, V.V. Sagun, Chemical freeze-out of strange particles and possible root
of strangeness suppression, arXiv:1308.3594v1 [hep-ph].
